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Abstract—This study implements a dual-mode control strat-
egy for an inverted pendulum-cart system, combining energy-
based swing-up control with LQR stabilization. To address
sensor noise and unobservable states, Luenberger and Kalman
filter observers are designed for state estimation. Simulations
demonstrate improved control accuracy and robustness using
observers compared to noisy direct measurements, underscoring
their practical value in real-world dynamic systems.

Index Terms—Inverted pendulum, observer-based control, Lu-
enberger observer, Linear Quadratic Regulator (LQR), energy-
based control, sensor noise, state estimation, robust control.

I. INTRODUCTION

The inverted pendulum on a cart is a classic control
problem, valued for testing advanced control strategies due
to its unstable nature and sensitivity to disturbances. While
controlling it in ideal conditions is well understood, real-
world scenarios introduce challenges like sensor noise and
unmeasurable states, especially velocities, which can severely
affect system performance.

Accurate state feedback is essential for balancing the pendu-
lum, but relying directly on noisy or incomplete measurements
can lead to poor control and instability. To address this,
observer-based control techniques are often used in practical
systems. An observer estimates unmeasured or noisy states
using available data and a system model, improving noise
rejection and reducing dependence on expensive sensors.

In this work, a Luenberger observer is integrated with an
energy-based swing-up controller and an LQR for stabiliza-
tion. The system’s performance is then evaluated under simu-
lated sensor noise to demonstrate how the observer improves
robustness and control reliability.

II. SYSTEM MODELING AND NOMENCLATURE

A. Nonlinear Dynamics

The position coordinates of the pendulum mass are ex-
pressed as:

zp| |z +1lsind
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Parth Jayeshbhai Joshi
Mechanical Engineering 24310044
IIT Gandhinagar

Samriddhi Dubey
Mechanical Engineering 24250080
IIT Gandhinagar

m,I

@) Q

Fig. 1. Free Body Diagram of Inverted Pendulum

The Lagrangian for a system of particles in classical me-
chanics is given by the difference between the total kinetic
and potential energies:

L=T-U )

The potential energy U associated with the pendulum is:

U = —mglcost 3)

Description Variable (Matlab) Value with Units
Mass of pendulum rod M 0.1 kg
Mass of cart Mc 0.135 kg
Length to pendulum C.G. L 0.2 m
Motor rotor inertia Jm 3.26 x 10~% kg.m?
Motor armature resistance Rm 125 Q
Motor back emf constant Kb 0.031 V/rad/sec
Motor torque constant Kt 0.031 N.m/A
Motor pinion radius R 0.006 m
Pivot viscous damping B 0.000078 N.m/rad/sec
Cart friction coefficient C 0.63 N/m/sec
Pendulum inertia about pivot I 0.00072 kg.m?
Total mass (cart+motor) M 0.136 kg
Gravitational acceleration G 9.81 m/sec?

TABLE T
SYSTEM PARAMETERS FOR INVERTED PENDULUM ON CART




Total Kinetic Energy of the System Equations of Motion

The total kinetic energy 7T consists of the translational As th? system  possesses two degrees of freedom, two

kinetic energy T; and the rotational kinetic energy T,: Lagrangian equations of motion are formulated:

d (0L oL .
T=T,+1T, @ dt<ax>_8x:F—C$ (12)
The translational kinetic energy 7T} is the sum of the kinetic d (0L oL .

energy of the cart T3, and that of the pendulum mass T, at\aa) 90~ —bo (13)
Substituting the expression from equation (11) into equa-
=T+ T, ®)  tions (12) and (13) provides the following nonlinear coupled

. ) ) equations of motion for the cart-pendulum system:
The kinetic energy due to the translation of the cart is:

T, = %Mﬁ ©) (M +m)i +mlfcos® —mif?sind = F —ci  (14)

The translational kinetic energy of the pendulum mass is I+ mﬁ)é + mli cos + mglsin® = —b6 (15)

gven by: B. Linear State-Space Representation of the Inverted Pen-
dulum System

Ty = %m <T’2’ * yf, ) We st:rt with the non-linear equations of motion for the

Substituting the expressions from equation (1), we have: system:

7, = om [(i(m+lsin9))2 + (jt(—zcose)ﬂ

Simplifying the derivatives results in:

(M +m)i + mlf cos — mlf?sind = F — ci: (14)

(I +mi?)0 + mli cos 0 + mglsinf = —b (15)

From equation (15), we can solve for &:

1 : . . ) ,
T, =-m (iQ +126% + 216 cos 0) (7 . —bl —mglsin@ — (I +mi?)0
P 2 T = (16)
ml cos 0

. By cc.)mb.ining equations (5), (6), and (7), the total transla- Next, by substituting this expression for i into equation

tional kinetic energy becomes: (14), we obtain the following equation for 6:

T, = %Mcxi i %mx’z i %mlzéz T+ mlifcosd  (8) i (le cos  — cmli cos  + m21262 sin6c0s9+P)
B m212sin? 6 + Mmi2 + (M 4+ m)I
The rotational kinetic energy 7, due to the pendulum’s a7
angular motion is: where,
T, = %IéQ ) P=(M+m) (b9 + mgl sin 9)

Therefore, the total kinetic energy of the combined system Similarly, solving equation (14) for 6, we get

is expressed as: . F—ci— (M +m)i+mlf?sin6
6= 19)
ml cos 6
T — lMch + lmg-CZ + 1m129‘2 + mlif cos 6 + 1[92 (10) By substituting this expression for 6 into equation (15), we
2 2 2 2 obtain:
Using equations (2), (3), and (10), the Lagrangian for the
system is: 5= bmlf cos 0 + m212gsin 0 cos 0 + (I + mi?)(F — ci + milf? sin )
B m212sin® 6 + Mmi2 + (M +m)I

1. 1 . » 1 .
L= 7Mcx§+fmx2+§ml202+mlx9 cosO-+=I16°+mglcosf  To express the system in state-space form, we introduce the

2 2
(11)  following state variables:



1=z, x3=0, x3=1, Ty =10 21
We can then write the accelerations 7 and @ as:
bmlzy cos zo + m212gsinzo cos ze + Q
T3 = — (22)
Mml2 4+ (M + m)I + m?12sin” z9
P (Fmlcoszy — cmlas cosxs + R) 23)

T Mmi + (M +m)I +m22sin® x5
Where R and @ are given by:

R = m?1?x% sinxy cos xg + (M + m) (bxy + mgl sinzz)
Q= (I +ml? (F —cas + milx3 sin 3)

Thus, the final non-linear state-space representation of the
inverted pendulum system is:

T T3
d |xy T4
dt | zs (from equation 22) (24)
Ty (from equation 23)
The output equation is:
1 0 0 0] |z
01 0 0] |0
Y=CX-= 00 1 0|ld (25)
0 0 0 1|16

To linearize the system around the upright stationary point,
we simply linearize the non-linear system.
The non-linear function is:

€3

T4
(non-linear expression for x3)
(non-linear expression for 24)

F(X,U) = (26)

1) Linear Approximation using Taylor’s series and Jaco-
bian Matrix: We begin with the nonlinear system:

X = f(X,0)

Our goal is to linearize this system around the equilibrium
point (Xo,Up). To achieve this, we express the variables as
deviations from their nominal values:

X=Xo+6X, U=Uy+ U

The dynamics of the perturbed state become:

6X = f(Xo +6X,Uy + 6U)

By applying a Taylor Series expansion, we approximate:

o,

60X = f(X —
Ut O’UO)+8X (Xo,Uo) OU |(x0,Uo

SUH(HOT)

H.O.T = Higher Order Terms

Assuming that at the operating point, f(Xo,Up) = 0, we
can neglect the higher-order terms, leading to the linearized
system:

5X = ASX + BSU

The output equation becomes:

Y =0C6X
Where:

A=

of
-9 B =
0X (Xo,U0)’

= OU | (x0,00)

Now, linearizing the nonlinear model around the reference
point gives:

O0xr; Ox1 Oz Oz
_ |0 0, 0, 0,
A= |98 ok on 9i
Ofi  Ofs Ofs Ofa
Oxy Oy O0xy Oxy4
0 0 1 0
0 0 0 1
= 0 mzlzg 7(I+ml2)c —bml
0 mgl(]\%c+m) _ﬁ@lc 7b(]WaC+m)
« « «

Here, the force F' is treated as the input U:

U=F

The linearized state-space model, with force F' as input U,
is:

X = AX 4+ BU
Where:
oh 0
i 0
B = % = | I+mi?
oF «a

Thus, the linear state-space model is:

0 0 1 0 1 0
0 0 0 1 T2 0
T = 0 m212g —(I+ml2)c bl s + | remi?
0 mgl(ﬁﬁm) —mle —b(J\/?C.er) 24 ml
o « a [e}
(20)



2) Motor Dynamics: Force to voltage conversion: Finally,
the force F' applied on the cart is generated by the PMDC
motor. The relation between F' and the applied voltage V;,, is
given by:

- kthr — ktkb{i}

F
R,,r?

2y

Substituting this into the linear model, the final linear state-
space model becomes:

X = AX + BV,
0 0 1 0 P
0 0 0 1 o
xr = 0 m2l2g 7(I+ml2)c _bml T3
0 mgl(]\%chm) 7’gzlc *b(ﬂ/fac+m) Ty
0
+ (I+ml?) K, Vin
SR
aR,,r
0 0 1 0 T 0
. 1 0 0 1 0 0
X = 0 5.51 —-18.29 —-0.002 J: + 2.73 Vin
0 649 —-77.53 —-0.026( |6 11.59
The output equation is:
1 0 0 0] |z
01 0 0|10
Y=CX= 0 01 0 T
00 0 1 0

III. STABILITY, CONTROLLABILITY AND
OBSERVABILITY

A. Stability Test

To check the stability of the system, we analyze the
eigenvalues of the system’s state matrix A. These eigenvalues
correspond to the poles of the system’s transfer function. The
system will be stable if all the eigenvalues have negative real
parts, meaning they lie in the left half of the complex plane.

The eigenvalue equation is:

Av = v

where )\ represents the eigenvalues, and v is the correspond-
ing eigenvector.

To determine the stability, we compute the eigenvalues
of matrix A, and a system is stable if the real part of all
eigenvalues is negative. Matlab Code fro stability check can
be found in Appedices.

MATLAB Output:

Eigenvalues (Poles):
0.0000
-19.6327

6.9178

-5.6006

The system is unstable.

From the output, we can see that the system has one
eigenvalue with a positive real part (6.9178), which indicates
that the system is unstable.

B. Controllability

Complete state controllability (or simply controllability in
the absence of any further context) refers to the capacity of an
external input to transition the system’s internal state from any
initial condition to any final state within a finite time interval.

Controllability Matrix

For linear time-invariant (LTI) systems, the system is con-
sidered reachable if and only if the controllability matrix,
denoted by (, has full row rank equal to p, where p is the
dimension of matrix A, and p x ¢ is the dimension of matrix
B.

(=[B AB A’B ... AP7'B] ¢ RP*P4

The system is controllable if the rank of the system matrix
A equals p, and the rank of the controllability matrix satisfies:

Rank(¢) = Rank(A™1¢) =p

In MATLAB, you can easily generate the controllability
matrix using the ct rb function. To compute the controllability
matrix ¢, simply type:
>> zeta = ctrb (A, B);

>> Rank = rank (zeta); To verify the controllability of
the system, we calculate the rank of the controllability matrix
¢ using the ct rb command in MATLAB. Matlab Code to find
the controllability check can be found in Appendices. Output:

Rank of Controllability Matrix: 4
The system is CONTROLLABLE.

Since the rank of the controllability matrix is equal to p = 4
(the number of states), the system is fully controllable.

C. Observability Test

To determine whether the given system is observable, we
construct the observability matrix using the MATLAB obsv
command. The system is observable if the rank of the observ-
ability matrix is equal to the number of states in the system.

The state-space matrices used are:

0 0 1 0 1.0 00
0 O 0 1 01 00
A= 0 551 -18.29 -0.002]’ ¢ 00 10
0 649 -—-77.53 -0.026 00 01



The MATLAB code used to check observability is provideed
in Appendices

Result:: The output obtained from MATLAB is:

Rank of Observability Matrix: 4
The system is observable.

Hence, since the rank of the observability matrix is equal
to the number of states (4), the system is observable.

IV. CONTROLLER DESIGN
POLE PLACEMENT CONTROL

A. Introduction to Pole Placement

Pole placement is a control design method that assigns
specific eigenvalues (or poles) to the closed-loop system. By
modifying the state feedback matrix K, we can place the
poles in desired locations, affecting the system’s stability and
transient response.

The state-space system is represented as:

X = AX + BV,
with state feedback:
Vin=—KX
The closed-loop dynamics are:
X =(A-BK)X

where the goal is to compute K to achieve desired eigenvalues
for the system.

The MATLAB code provided in Appendices calculates the
gain matrix K.

B. Output from Pole Placement

The output for the state feedback gain matrix K is:
K = [185.1640, 219.1039, —7.8073, 6.6095]

This matrix stabilizes the system by placing the poles at
the desired locations, ensuring desired transient and stability
properties.

C. Why Do We Need LOR?

Although pole placement is effective, it has some limita-
tions:

« LQR minimizes a cost function that balances state errors
and control effort, optimizing system performance and
efficiency.

o LQR automatically computes the optimal gain matrix K,
making it more efficient for complex systems.

LQR BALANCE

X = Ax + Bu y
W #=Cx + Du

-0

Fig. 2. Block Diagram of LQR

Linear Quadratic Regulator: Definition and Functionality

The Linear Quadratic Regulator (LQR) is an optimal control
strategy used in modern control systems to regulate the state
of a linear dynamic system to the origin or to track a desired
trajectory with minimal effort. It achieves this by minimizing
a quadratic cost function that penalizes deviations from the
desired state as well as excessive control inputs.

The objective is to design a control law of the form:

Vin(t) = =KX (t)
which minimizes the cost function:
J = / (XTQX + V,JRV,,) dt
0

Optimal Full State Feedback Control Law
For a linear time-invariant (LTI) system:

X = AX + BV,
the optimal full state feedback control law is:
Vi =—-KX
where the feedback gain matrix K is given by:
K=R'B'P

and P is the unique, symmetric, positive semi-definite
solution to the Algebraic Riccati Equation (ARE):

PA+ATP+Q—-PBR'BTP=0

Given System Parameters

1200 0 0 0
0 1500 0 0

Q=1 , 0 o ol B=0035
0 0 00

MATLAB Implementation

The following MATLAB code provided in Appendices
defines the system dynamics matrices A and B, cost matrices
@ and R, and computes the optimal gain matrix K:



LOR Gain Result

Running the above code yields the following optimal gain
matrix:

K:[185.1640 219.1039 —7.8073 6.6095}

Interpretation

This gain matrix K is used to apply the control input:

Vi = —KX
RESULTS AND DISCUSSION

The system uses a state-space representation with four state
variables:

o Cart position (z)

o Pendulum angle (0)

o Cart velocity (z)

o Pendulum angular velocity (0)

1) LOR Controller Design: The LQR controller is de-
signed with these key characteristics:

o State weighting matrix Q = diag([1200,1500,0,0]),

heavily prioritizing position and angle

o Control effort weighting R = 0.035, allowing relatively

high control effort

o The control objective is to stabilize the pendulum in the

upright position (f = ) with the cart at the origin

Based on the provided graphs in figure we can analyze
the performance of the LQR controller implemented for the
inverted pendulum system:

Cart Position (z):

The graph shows the cart starting at the initial position of
0.2m and quickly converging to the desired position (origin).
The response exhibits excellent damping characteristics with
minimal undershoot around the 1-second mark. The cart sta-
bilizes at the target position within approximately 2 seconds,
demonstrating effective position control.

Cart Velocity (1):

The velocity response shows a brief spike to approximately
3-4 m/sec in the initial phase as the controller aggressively
moves to stabilize the system. The velocity then quickly re-
turns to zero with excellent damping. After the initial transient
response, the velocity remains at zero, indicating stable control
with no oscillations or drift.

Pendulum Angle (0):

Starting from the initial angle of 160 degrees, the pendulum
rapidly approaches the desired upright position (180 degrees).
The angle response shows a slight undershoot to about 177
degrees around the 1-second mark before smoothly converging
to 180 degrees. This demonstrates the controller’s ability
to balance the pendulum in the naturally unstable inverted
position.

Pendulum Angular Velocity 0):

The angular velocity graph shows minimal movement
throughout the control period. The y-axis scale (-200 to 600
deg/sec) is much larger than the actual values, indicating
that the angular velocity remains close to zero. This suggests
excellent damping of rotational oscillations and stable control.

V. ENERGY-BASED SWING-UP CONTROLLER

DESIGN
Inverted Pendulum X
(system)
A8 <30 | Stabilizing Switching
Control
A6>30 | swing-up
Control

Fig. 4. Control Scheme of Inverted Pendulum

The swing-up controller is typically applied after the in-
verted pendulum has been stabilized in the upright position
using the LQR controller. The LQR ensures the pendulum
remains upright under small disturbances, stabilizing the sys-
tem. However, when the pendulum is far from the upright
position (in the downward state), the LQR struggles to bring
the pendulum up due to the high control effort needed to
overcome gravitational forces.

Thus, after stabilization, the Swing-Up Controller is intro-
duced to lift the pendulum from the downward to the upright
position.

A. Why the Swing-Up Controller is Necessary

In the downward position, the pendulum is unstable, and
small control inputs are insufficient to lift it. While LQR is
effective near the upright position, it cannot swing the pen-
dulum up. A swing-up controller injects the required energy
to move the pendulum upright, after which LQR efficiently
stabilizes it with minimal effort.

B. Transition from Inverted Pendulum to Swing-Up Con-
troller
The system undergoes two phases:
« LQR Stabilization (Upright Position):
— The pendulum is in the upright position (8 = 7).
— The LQR controller ensures balance by correcting
any small disturbances in angle or velocity.
o Swing-Up (Bringing Pendulum to Upright):
— The pendulum starts from the downward position,
and the goal is to use the swing-up controller to inject
energy into the system.
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Fig. 3. Cart position, velocity and pendulum position, velocity vs. time for LQR-controlled inverted pendulum.

Swing Up Control Phase
C. Collocated Partial Feedback Linearization (PFL)
We begin by simplifying Equation (15) for 0:

v —b — mlzd cos 6 — mgl sin 6

= 22
0 I+ mi? (22)

Substituting 0 from Equation (22) into Equation (14), we
obtain the nonlinear equation for the control force:

F=(M+m)iq+ci—mlfsin
b0 +mligcos+mglsind
—ml cosf

I+mli?

For an appropriate control law, energy shaping control
suggests that:

.ifd =Uu
Substituting 4 = v into Equation (22), we get:

—bf — mlucosf — mglsin 6

b= 24
I+mi? @4)
The total energy of the simple pendulum is given by:
1 .
E= 5(I + mi?)6% 4+ mgl(1 — cos ) (25)

The desired energy, which corresponds to the energy at the
desired fixed point, is:

E,. =mgl(1 — cosm) = 2mgl (26)

If we define the error dynamics as £y, = E — E,., we
differentiate with respect to time:

E, = E = (I + mi?®)00 + mgl sin 06
Substituting the value of 6 from Equation (24) into the above
equation, we get:
Ey = —b6% — mluf cos 0

Now, if we design a controller of the form:

uw=kfcosbE, k>0

The resulting error dynamics are:

E; = —bf* — mik6? cos? OE,
If the damping term b is very small, it can be neglected.
The error dynamics imply exponential convergence:

E; — 0, except for states where 6 = 0.

The essential property of this system is that when £ > E,.,
we remove energy from the system (damping), and when E <
E,., we add energy (negative damping). A tunable gain k is
multiplied by the control law, and the controller is saturated
at the maximum acceleration deliverable by the motor, wmax:



U = Satpax (k:(E - E,) sign(é cos 9)) 27

From Equation (27) and Equation (23), we derive the
Collocated Partial Feedback Linearization (PFL) control law,
which represents the appropriate nonlinear control law in terms
of force.

Results and Discussion

Analysis of Swing-Up Control Implementation for Inverted
Pendulum

Figure [5] presents the two-phase control strategy: swing-up
followed by LQR stabilization. MATLAB code is included in
the appendices.

D. Swing-Up Phase (0-5 seconds)

« Angular Velocity (9): Large oscillations (700 deg/s)
add energy to the system, increasing swing amplitude.

e Pendulum Angle (0): Increasing oscillations show en-
ergy build-up. The 210° red line marks the LQR activa-
tion boundary.

o Cart Position (x): The cart shifts to 0.55 m with small
oscillations, creating a moving pivot for better energy
transfer.

o Cart Velocity (i): A peak at 1.8 m/s is followed by
oscillations, helping generate pendulum momentum.

LQR Stabilization Phase (5-10 seconds)

o Angular Velocity (0): Rapidly settles to zero, confirming
successful damping.

o Pendulum Angle (0): Quickly stabilizes at 180° with
minimal overshoot, showing precise control.

« Cart Position (x): Smoothly returns to origin, indicating
effective balance and minimal displacement.

o Cart Velocity (i): A brief negative spike is followed by
quick settling, demonstrating good motion control.

VI. EXTENSION OF THE PROBLEM: LIMITED STATE
MEASUREMENT

utk) yik)

X k)
LS O )

efk)

Fig. 6. Block Diagram of Luenberger Observer

In the classical inverted pendulum problem, the complete
state vector is defined as:

T Cart Position
o= |22 = Cart Velocity
T3 Pendulum Angle
T4 Pendulum Angular Velocity

However, in practical scenarios, it is often difficult or
expensive to measure all four states directly. In this problem,
we assume that only two of the four states are measurable:

o Cart position 1
o Pendulum angle x5

The cart velocity xo and the pendulum’s angular velocity x4
remain unmeasured.

Need for a State Observer

Since only partial state feedback is available, we cannot
directly apply the Linear Quadratic Regulator (LQR) designed
for full state feedback. To estimate the complete state vector
from the available measurements, we need a state observer.

The measured output can be represented as:

y=Cx

where C is the measurement matrix:

100 0
O_{O()l J

Observer Design

We employ a Luenberger Observer to estimate the unmea-
sured states. The observer equation is structured as:

&= A# + Bu+ L(y — Ci)

where:

o Z is the estimated state vector.
e u is the control input.
o L is the observer gain matrix.

The term L(y — C'&) represents the correction based on the
difference between the measured and estimated outputs. The
observer gain L is selected to place the poles of the observer at
locations that ensure fast convergence of the estimated states
to the true states.

The observer poles are often chosen to be significantly faster
than the closed-loop system poles, for example:

Observer Poles = 3 x Closed-Loop Poles

LddHsegnsures rapid error decay and accurate state reconstruc-
awesrvier use in the feedback controller.

The final control input is computed using the estimated
state:

u=—Kz

where K is the LQR gain matrix designed for full state
feedback.
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Fig. 5. Cart position, velocity and pendulum position, velocity vs. time for Swing-Up and LQR-controlled inverted pendulum.

RESULTS AND DISCUSSION

The analysis in Figure [7] evaluates the performance of a
Luenberger observer paired with an LQR controller for an
inverted pendulum system. The graphs compare the actual
system states (blue solid lines) with the estimated states (red
dashed lines) over a 10-second simulation. MATLAB code is
included in the Appendices.

Observer Performance Analysis

o Cart Position (x):
The observer estimate, initialized at zero, quickly con-
verges to the true position of 0.1 m, with minor under-

shoot around ¢ = 1 s. Both signals stabilize at zero,
confirming accurate estimation without direct velocity
feedback.

o Cart Velocity ():
Starting from zero, the observer rapidly matches the true
velocity (initially -0.25 m/s) within 0.7 seconds. Both
signals converge smoothly to zero with minimal error.

o Pendulum Angle (60):
Initially at 0.1 radians, the angle estimate converges
to the true signal within 0.8 seconds. Both stabilize at
0 = 0, verifying the observer’s accuracy and the LQR’s

VII. STATE ESTIMATION FOR INVERTED PENDULUM
USING KALMAN FILTER

Process Noise

w

 Kalman Filler @ LQR Controller u Plant
&= Ai+ Bu+ Ly — C#) w— —Ki i=Az+ Butw

Measurement. Feedback s

Output Equation
y=Crtu

Measurement Noise
v

Fig. 8. Block diagram of an LQR-Kalman Filter (LQG) control system.

VIII. STATE ESTIMATION USING KALMAN FILTER FOR
INVERTED PENDULUM ON A CART

effectiveness. .

Angular Velocity (0):

Despite starting at zero, the observer accurately captures
the initial spike ( -0.4 rad/s) and aligns with the true state
within 0.8 seconds. Both signals then stabilize at zero,
indicating excellent state reconstruction.

A. Objective

The objective of this simulation is to stabilize an inverted
pendulum mounted on a moving cart using a Linear Quadratic
Regulator (LQR) controller and to estimate the full system
state using a Kalman Filter-based observer. Additionally, a
Luenberger observer is implemented for comparison with the
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Fig. 7. Cart position, velocity and pendulum position, velocity vs. time With Luenberger Observer.

Kalman Filter in the presence of process and measurement
noise.

B. System Overview

The system under consideration is a classical inverted
pendulum on a cart, which is a standard benchmark problem in
control theory due to its inherently unstable nature. The system
is modeled using a linearized state-space representation around
the upright equilibrium point.

The state vector is defined as:

LD RR

0

where x is the cart position, & is the cart velocity, 6 is the
pendulum angle from vertical, and 6 is the pendulum angular
velocity.

The control input is the force applied to the cart:

u = force on the cart

The output vector y consists of only two directly measurable

states:
T
y = {9] =Cx

C. Motivation for Using the Kalman Filter

In real-world scenarios, all system states are not always
measurable, and measurements are often corrupted by noise.
The Kalman Filter is a powerful optimal estimation algorithm
that:

« Estimates the full system state from noisy and incomplete
measurements.

o Provides statistically optimal estimates under Gaussian
noise assumptions.

o Adapts the estimation based on the known covariances of
process and measurement noise.

In this simulation, both process noise w(t) and measure-
ment noise v(¢) are modeled as zero-mean Gaussian noise
with covariance matrices ),, and R,, respectively:

W(t) ~ N(Ov Qn)v V(t) ~ N(Oa Rn)

Given that only two out of the four states are measurable,
the Kalman Filter is justified and necessary for reconstructing
the full state vector used in feedback control.

D. Design Methodology

1) LOR Controller: The LQR controller is designed using
the standard approach:

u = 7K)A(k

where K is the optimal gain matrix computed using the solu-
tion to the Algebraic Riccati Equation (ARE). The controller
uses the estimated state from the observer (Kalman Filter or
Luenberger) instead of the true state.
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2) Kalman Filter: The continuous-time Kalman Filter
(equivalently, the Linear Quadratic Estimator, LQE) is imple-
mented with the gain L obtained from:

Xy = A%j, + Bu+ L(y — Cx},)

The gain L is designed to minimize the estimation error
covariance under the noise model defined by @),, and R,,.

3) Luenberger Observer: For comparison, a Luenberger
observer is designed using pole placement. While it does
estimate the state, it does not incorporate knowledge about
noise statistics, making it less robust in noisy environments.

E. Simulation Setup

The system is simulated over 20 seconds with a sampling
interval of 0.01 seconds. Gaussian noise is added to both the
process dynamics and the measurements. The control input

at each step is computed using the LQR feedback from the
Kalman estimate.

F. Results and Discussion

The performance of both the Kalman Filter and the Lu-
enberger observer as shown in Figure [J] is evaluated by
comparing their estimated states against the true system states.
The results clearly show that:

o The Kalman Filter provides smoother and more accurate
state estimates, especially in the presence of noise.

o The Luenberger observer performs adequately in noise-
free conditions but becomes less reliable as noise in-
creases.

o The use of the Kalman Filter is fully justified due to its

statistical treatment of noise and partial observability of
the system.

The animation and plots further illustrate the close agree-
ment between the true and Kalman-estimated trajectories of
the cart and pendulum. Matlab code is provided in Appendices.

RMS ERROR COMPARISON BETWEEN OBSERVERS

The RMS error comparison across Position, Velocity, Angle,
and Angular Velocity in [IOfeveals that the Kalman observer
consistently achieves the lowest errors, particularly in position
and velocity estimation. While all observers perform similarly
for angle, Kalman outperforms both Luenberger and Sliding
Mode in the remaining states. Sliding Mode generally exhibits
the highest errors, especially in velocity and angular velocity,
whereas Luenberger provides moderate accuracy. Overall, the
Kalman observer emerges as the most reliable choice for
accurate state estimation in noisy environments.

IX. SIMULATION VIDEO LINK

The complete project simulations are available at the fol-
lowing link: |Google Drive Folder.


https://drive.google.com/drive/folders/1l_GnDd8F17KCEHed7PPEC5U3xrXUlFXl?usp=sharing

X. CONCLUSION

This study presents a robust hybrid control strategy for stabi-
lizing an inverted pendulum on a cart, combining energy-based
swing-up control with LQR for fine stabilization. Switching
logic ensures smooth transitions and continuous stability.
To address sensor noise and partial state availability, both
Luenberger and Kalman observers were implemented, with
the Kalman filter outperforming due to its noise modeling
capabilities. The system demonstrated reliable performance,
achieving fast convergence even from large initial deviations.
This work underscores the effectiveness of observer-based
control and suggests potential for further enhancement through
adaptive or nonlinear observer techniques.
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